Minimal SUSY SO(10), b–τ unification and large neutrino mixings  by Goh, H.S. et al.
Physics Letters B 570 (2003) 215–221
www.elsevier.com/locate/npe
Minimal SUSY SO(10), b–τ unification and large neutrino
mixings
H.S. Goh, R.N. Mohapatra, Siew-Phang Ng
Department of Physics, University of Maryland, College Park, MD 20742, USA
Received 24 July 2003; received in revised form 5 August 2003; accepted 5 August 2003
Editor: M. Cveticˇ
Abstract
We show that the assumption of type II seesaw mechanism for small neutrino masses coupled with b–τ mass unification
in a minimal SUSY SO(10) model leads not only to a natural understanding of large atmospheric mixing angle (θ23) among
neutrinos, as recently noted, but also to large solar angle (θ12) and a small θ13 ≡ Ue3 as required to fit observations. No
additional symmetries are required to obtain large neutrino mixings. The proposed long baseline neutrino experiments will
provide a crucial test of this model since it predicts Ue3  0.16.
 2003 Published by Elsevier B.V.
Present neutrino oscillation results have posed a new challenge for theory, i.e., understanding the very different
mixing pattern among quarks compared to that among leptons, despite their similar weak interaction properties.
This problem becomes particularly acute in models that unify quarks and leptons such as the SO(10) grand unified
theories, which are considered as prime candidates for describing quarks and leptons. SO(10) models are also
ideal for understanding neutrino masses since the 16-dimensional spinor representation, which contains all the
standard model fermions of one generation also contains the right-handed neutrino, needed for implementing the
seesaw mechanism [1] for small neutrino masses. It also contains the local B–L symmetry which can explain why
required right-handed neutrino masses are so much smaller than the Planck mass.
SO(10) also presents some apparent problems in explaining the observed mixings. The reason for this is that
SO(10) contains the SU(4)c group, which in the simplest approximation leads to similar quark and lepton mixing
angles and further assumptions are needed to get large neutrino mixings [2]. An interesting challenge is whether
one can understand the large neutrino mixings purely out of SO(10) gauge symmetry. We address this in the context
of a minimal SO(10) model proposed in Ref. [3], that does not invoke any additional symmetries and yet gives a
predictive model for neutrino mixings, using only the Higgs fields, one 10 and one 126, to generate the most
general Yukawa superpotential. All the parameters in the fermion sector of the model are determined by the quark
and charged lepton data, making the model predictive in the neutrino sector [3]. Two additional Higgs multiplets
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do not effect fermion masses.
The initial analyses of neutrino mixings within the framework of Ref. [3] used the simple seesaw formula
Mν = −MνDM−1NRMTνD (type I seesaw) and are now in disagreement with data. In subsequent papers [4], this
model has been analysed to see how close one can come close to the observed neutrino parameters. The conclusion
now appears to be that one needs CP-violating phases to achieve this goal.
Another possibility is to use the type II seesaw mechanism [5] to study neutrino mixings in this model.1 The
type II seesaw formula has an induced triplet vev term in the neutrino mass formula in addition to the usual type I
seesaw formula arising from the RH neutrino intermediate state. In left–right or SO(10) models where parity is a
good asymptotic symmetry, type II seesaw is a generic feature. It has been noted recently [6] that if one assumes
the triplet vev term in the type II seesaw formula to dominate the neutrino mass in this model, then approximate
b–τ unification of supersymmetric theories leads to a neutrino Majorana mass matrix where all entries of the mass
matrix in the 2–3 sector have comparable magnitude. This can explain the large νµ–ντ mixing angle naturally
without the need for any additional symmetries.
To see how this result emerges, let us first write down the type II seesaw formula [5]:
(1)Mν = f¯ σL −MνDM−1NRMTνD ,
where σL = λ v2vB–L , where v is the SU(2)L breaking scale and λ and f¯ are coupling parameters. If we stay in
a range of parameters of the theory, where the first term dominates, the minimal SO(10) model then leads to a
sumrule:
(2)Mν = a(M −Md)
In [6], it was observed that since this relation is valid at the seesaw scale, one must use the extrapolated quark and
lepton masses in the formula. Near the GUT scale mb/mτ  1–1.2 depending on the value of tanβ which implies
that the 3–3 element of theMν which is ≈mb −mτ undergoes a cancellation and becomes of the same order as
its off diagonal elements in the 2–3 subsector. This leads to a large 2–3 mixing responsible for atmospheric νµ–ντ
oscillation, without any further assumptions.
To see if this observation is to lead to a realistic SO(10) model for understanding all neutrino mixings, it
is necessary to do a complete three generation analysis. In fact, as we see below, since the model has no free
parameters, it is a priori not obvious that within this framework one would simultaneously get a large solar mixing
angle and a small θ13 ≡ Ue3 as well as the correct value for the ratio m2S/m2A. In this Letter, we find that there
does indeed exist a range of allowed quark masses, where this happens. In particular, the model predicts Ue3  0.16
which can be used to test the model in the proposed long base line neutrino experiments.
The basic ingredients of the model [3] are a supersymmetric SO(10) group with the Higgs fields belonging to the
representations 45+ 54 whose vevs break SO(10) SU(2)L× SU(2)R ×U(1)B−L× SU(3)c and the minimal Higgs
set 10+126+126 that couple to matter and also break the SU(2)L×SU(2)R×U(1)B−L×SU(3)c group down to
SU(3)c ×U(1)em. It is the latter set, i.e., 10⊕ 126 which is crucial to our discussion of fermion masses. The first
stage of the symmetry breaking therefore could have been accomplished by alternative Higgs multiplets, e.g., by
210 of Higgs without effecting our results. As noted in [3], the set 10+126 which couple to matter contain two pairs
of MSSM Higgs doublets belonging to (2,2,1) and (2,2,15) submultiplets (under SU(2)L × SU(2)R × SU(4)c
subgroup of SO(10)). We denote the two pairs by φu,d and ∆u,d . At the GUT scale, by some doublet–triplet
splitting mechanism these two pairs reduce to the MSSM Higgs pair (Hu,Hd), which can be expressed in terms
of the φ and ∆ as Hu = cosαuφu + sinαu∆u and Hd = cosαdφd + sinαd∆d . The details of the doublet–triplet
splitting mechanism that leads to the above equation are not relevant for what follows and we do not discuss them
1 See Brahmachari and Mohapatra, Ref. [4].
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The SO(10) invariant superpotential that lead to fermion masses in this model is given by:
(3)WY = hijψiψjH10 + fijψiψj∆,
where we have denoted the 16-dimensional matter spinor by ψi (where i, j denote generations) the Higgs fields
by H10 ≡ 10 and ∆≡ 126. SO(10) invariance implies that h and f are symmetric matrices. We ignore the small
effects coming from the higher-dimensional operators. Below the B–L breaking (seesaw) scale, we can write the
superpotential terms for the charged fermion Yukawa couplings as:
(4)W0 = huQHuuc + hdQHddc + heLHdec +µHuHd,
where Q, L, uc, dc and ec represent the matter superfields of MSSM and hu = h cosαu + f sinαu, hd =
h cosαd + f sinαd , he = h cosαd − 3f sinαd . In general αu = αd and this difference is responsible for nonzero
CKM mixing angles. In terms of the GUT scale Yukawa couplings, one can write the fermion mass matrices at the
seesaw scale as:
(5)Mu = (h¯+ f¯ ), Md = (h¯r1 + f¯ r2), Me = (h¯r1 − 3r2f¯ ), MνD = (h¯− 3f¯ ),
where h¯ = h cosαu sinβ ; f¯ = f sinαu sinβ ; r1 = cosαdcosαu cotβ ; r2 = sinαdsinαu cotβ and MνD denotes the Dirac mass
of the neutrinos. To count the number of parameters describing the fermion sector, we first ignore CP phases and
choose a basis where h¯ is diagonal. Since f¯ is symmetric, we have a total of nine parameters from the couplings
and including αu,d and β gives us a total of twelve parameters. All these parameters can be determined by fitting
the the six quark masses, three lepton masses and three CKM angles. This enables a complete determination of
the neutrino masses up to an overall scale related to the B–L symmetry breaking and the three mixing angles. The
model is therefore completely predictive in the neutrino sector.
Since the 126 under the group SU(2)L×SU(2)R×SU(4)c: 126= (1,1,6)⊕ (2,2,15)⊕ (3,1, 1¯0)⊕ (1,3,10),
it is easily seen that the flavor structure of the right-handed neutrinos as well as the first term in the type II seesaw
formula are same as the f term in the equation for charged fermion masses. To see how the ∆0L(3,1,10) vev arises,
note that the general superpotential of the model contains terms of type λ11262 · 54 and λ210 · 10 · 54. In the Higgs
potential, this generates a term (from |F54|2) of the form 10 · 10 · 126 · 126. In this term, there is a term of the form
φ(2,2,1)2∆L(3,1,10)∆R(1,3, 1¯0) with a coefficient λ1λ2. Furthermore, in the Higgs potential, there is a mass
term for ∆L(3,1,10) of the form µ2∆ + λ3v2U , where vU is the GUT scale. On minimizing the potential, these two
terms lead to a vev for the SU(2)L triplet σL ≡ 〈∆0L〉  λ1λ2v
2
wkvB−L
µ2∆+λ3v2U
. It is now clear that if we choose λ3 such that
µ2∆+ λ3v2U  v2B−L, then the entries in the second matrix in the type II seesaw formula can much smaller than σL
and Eq. (2) holds. We will work in the domain of the parameter space where this happens.
Using Eq. (2) for the second and third generation sector, one can understand the results of [6] in a heuristic
manner as follows. The known hierarchical structure of quark and lepton masses as well as the known small
mixings for quarks suggest that M,d have the following pattern M  mτ
(
1,1 1,2
1,2 1
)
and Md  mb
(
1d,1 1d,2
1d,2 1
)
,
where 1,d;i  1. It is then clear that if there is approximate b–τ unification as it appears to be the case if the
theory below the B–L breaking scale is MSSM, then in M −Md matrix, there is a high degree of cancellation
in the 33 entry making this entry comparable to all the other entries in this matrix. Diagonalization of this mass
matrix leads to a large mixing angle and hence a large atmospheric mixing angle.
We now outline our method for determining the neutrino mixing parameters for the complete three generation
case. We first note that the matrices h¯ and f¯ in Eq. (5) can be eliminated in terms the mass matrices Mu,d so that
we have a sumrule involving the three mass matrices Mu,d,. Before giving the sum rule, we note that we will work
in a basis where Md is diagonal and is given by Mu = V T ·MDu · V (where MDu is the diagonal mass matrix of up
type quark and V is the CKM mixing matrix). This can be done without any loss of generality. We define M˜l,u,d
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m3
, m3 being the third family mass for the corresponding flavor and similarly for all mass parameters.
The sumrule for charged lepton matrices is given by:
(6)kM˜l = rM˜d + M˜u,
where k and r are functions of r1,2 and fermion masses as k = r2−r14r1r2 mτmt and r =−
r1+3r2
4r1r2
mb
mt
and for neutrinos, we
have
(7)Mν = a
(
mb
mτ
M˜d − M˜l
)
.
These relations are valid at the B–L breaking scale vB–L. The advantage of working with M˜ rather than M is
that the 33 element of all M˜l,u,d matrices are either one or of order one; so we expect solutions for k and r to be
of order one. Furthermore since the formula forMν involves only M and Md , b–τ unification helps to see the
cancellation in the 33 element ofMν somewhat more easily. At the same time the 23 element ofMν receives only
one contribution from M since in our basis Md is diagonal. These two results lead to atmospheric mixing angle
being large [6].
To carry out the calculations, we have to solve for the two unknowns k and r using the low energy inputs from
the quark and charged lepton sectors. To obtain a perturbative estimate of these parameters, we decompose
(8)rM˜d + M˜u = r
(
d 0 0
0 s 0
0 0 1
)
+
(
u 11 a
11 c 12
a 12 1
)
,
where 1i , a 1. In this analytical approach, our procedure will be to find the eigenvalues of (8) by perturbation
method and match them to the known leptonic masses at the B–L scale. The advantage of this decomposition is
that it allows a nice perturbative determination of the eigenvalues analytically without having to resort to immediate
numerical analysis. We will compare our results with the numerical evaluation using Mathematica. Solving these
Eq. (8), we find k and r to be
(9)r =
(s + c− 2m˜µ)±
√
(s − c)2 − 4(m˜µ − s)(1+ m˜µ)122
2(m˜µ − s) , k =
(1+ s)r + 1+ c
1+ m˜µ
and a consistency relation for the d-quark mass
(10)d = k
3m˜em˜µ + z121 + ya2 − 2a1112 − u(yz− 122)
r(yz− 122)
.
To proceed further, we will need the values of quark masses and mixings at the seesaw scale. Experiments
determine these input parameters near the GeV scale and they need to be extrapolated to the B–L scale which is
near 1015–1016 GeV where our Eq. (2) is valid. Taking the values for the quark masses and mixings at the B–L
scale we can determine k and r approximately. We will use this determination of k and r to solve for neutrino
masses and mixings using the relation in Eq. (7). We will also compare our results with a direct numerical scan
of the Eq. (6), i.e., not using perturbation method to obtain k and r . Results obtained by both methods are in
agreement.
In our model, the theory below theB–L breaking scale is the MSSM whose effect on fermion mass extrapolation
is a well studied problem [7]. We will use the two loop analysis in the paper by Das and Parida [7] in our analysis.
Our strategy will be to take the values of the quark masses at the scale vB–L  1016 GeV given in [7]. The
input values of quark masses and mixings for values of the MSSM parameter tanβ = 10 that we use are: mu =
0.72+0.13−0.14 MeV; mc = 210.32+19.00−21.22 MeV; mt = 82.43+30.26−14.76 GeV; md = 1.50+0.42−0.23 MeV; ms = 29.94+4.30−4.54 MeV;
H.S. Goh et al. / Physics Letters B 570 (2003) 215–221 219Fig. 1. The figure shows the predictions for sin2 2θS and sin2 2θA for the range of quark masses. Note that sin2 2θS  0.9 and sin2 2θA  0.9.
Fig. 2. The figure shows the predictions for sin2 2θA and m2S/m
2
A for the range of quark masses and mixings that fit charged lepton masses.
mb = 1.06+0.14−0.08 GeV. For the mixing angles at GUT scale, we take:
(11)VCKM =
( 0.974836 0.222899 −0.00319129
−0.222638 0.974217 0.0365224
0.0112498 −0.0348928 0.999328
)
.
In the first perturbative method, we use the above input values to obtain k and r using Eq. (9) and search for values
around them that give a good fit to charged lepton masses and then use them in Eq. (7) to derive the neutrino
masses and the three mixing angles: sin2 2θS , sin2 2θA and Ue3. The best fit range for k, r are −0.78 r −0.74
and 0.23  k  0.26. We also do a direct numerical solution. Both the results are in agreement. (We ignore CP
violation in this work.)
Note that the sign of a fermion mass can either be positive or negative. Note that a negative fermion mass is
equivalent to using γ5ψ instead of ψ for the fermion wave function. All physical results are therefore unaffected
by either choice of the sign. This leads to several possibilities that we have put into our search for solutions. The
solutions we present here correspond to me,µ,τ,b,t > 0 and mc,d,s < 0 up to an overall sign.
Our results are displayed in Figs. 1–3 for the case of the supersymmetry parameter tanβ = 10. In these figures,
we have restricted ourselves to the range of quark masses for which the atmospheric mixing angle sin2 2θA  0.8.
(For presently preferred range of values of sin2 2θA from experiments, see.) We then present the predictions for
sin2 2θS , m2S and Ue3 for the allowed range sin
2 2θA in Figs. 1–3, respectively. The spread in the predictions
come from uncertainties in the s, c and the b-quark masses. Note two important predictions: (i) sin2 2θS  0.91
220 H.S. Goh et al. / Physics Letters B 570 (2003) 215–221Fig. 3. The figure shows the predictions of the model for sin2 2θA and Ue3 for the allowed range of parameters in the model. Note that Ue3 is
very close to the upper limit allowed by the existing reactor experiments.
and Ue3 ∼±0.16. The present allowed range for the solar mixing angle is 0.7 sin2 2θS  0.99 at 3σ level. The
solutions for the neutrino mixing angles are sensitive to the b quark mass.
It is important to note that this model predicts the Ue3 value very close to the present experimentally allowed
upper limit and can therefore be tested in the planned long base line experiments which are expected to probe Ue3
down to the level of ∼ 0.05 [8,9]. Our model would also prefer a value of the sin2 2θA below 0.9, which can also
be used to test the model. As tanβ increases, the allowed values for the neutrino mixings and masses fall into an
even narrower range.
In summary, we find for the first time that a minimal SO(10) model with single 10 and 126 Higgs coupling to
matter not only provides a completely realistic description of masses and mixings of charged fermions but also
predicts neutrino masses and mixings that are within the presently favored ranges for these parameters. The model
is testable in the planned long baseline experiments via its prediction of Ue3  0.16. The only assumption needed
to obtain all these predictions is that the SU(2)L triplet vev dominates the seesaw formula for neutrino masses.
No global symmetries are invoked. The hierarchical mass pattern for neutrinos and the atmospheric mixing angle
between 0.8 and 0.92 predicted by the model are also testable in future experiments.
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